Abstract. For any finite group G, we define a bifunctor from the Dress category of finite G-sets to the conjugation biset category, whose objects are subgroups of G, and whose morphisms are generated by certain bifree bisets. Any additive functor from the conjugation biset category to abelian groups yields a Mackey functor by composition. We characterize the Mackey functors which arise in this way.
Introduction
Let G be a finite group. A Mackey functor in the sense of Dress [5] is a bifunctor M : D(G) → Ab from the category of finite left G-sets and G-maps to abelian groups, satisfying a pull-back axiom (M1) and an additivity axiom (M2). These axioms express the classical Mackey properties from representation theory (see Section 2) .
Many of the Mackey functors encountered in applications of the theory factor through the G-Burnside category A(G), whose objects are the subgroups H ⊂ G and whose morphisms are generated by H 2 -H 1 bisets with certain properties (compare [6, 1.A.4] ). Let A • (G) denote the additive completion of this category, defined in Section 3.
In Section 6 we define a subcategory B • (G) ⊂ A • (G), where the morphisms are restricted to be conjugation bisets, and construct a bifunctor j : D(G) → B • (G) (see Definition 7.2). A Mackey functor M is said to be conjugation-invariant provided that the centralizer C G (H) acts trivially on M(G/H) for all H ⊂ G, via the G-maps ϕ : G/H → G/H given by eH → zH, for some z ∈ C G (H) (see Definition 3.1). The main result (see Theorem 8.1) is a recognition principle for such Mackey functors. [11, Theorem 2], [9] , [4, Chap. IV.8], [13] ). The point of our biset version is to provide a useful method to check the Mackey properties, starting from input data that is often encountered in applications of the theory. The use of bisets as morphisms in a category has appeared in various settings in the literature (see, for example, [10] , [1, §9, p. 454] , [6, 1.A.4] , [2, §2] and [3] ).
Mackey functors
We will first recall the basic definitions Dress used in his formulation of induction theory [5] . Let G be a finite group, and let D(G) denote the category whose objects are finite, left G-sets and whose morphisms are G-maps. A Mackey functor is a bifunctor M = (M * , M * ) : D(G) → Ab, where Ab denotes the category of abelian groups and groups homomorphisms, such that M * (S) = M * (S) for each object S ∈ D(G), and the following two properties hold: 
Here we denote the covariant maps by ψ M and the contravariant maps by ϕ M .
(meaning both left and right actions are free). In contrast, the morphisms in the GBurnside category of [1, §9, p. 454] , and our category RG-Morita [6, 1.A.4] just have a one-sided isotropy assumption. To make our recognition principle more precise, we will define a subcategory B(G) ⊂ A(G) by restricting its morphisms to conjugation bisets (see Definition 6.1).
Because of the Grothendieck construction, A(G) and B(G) are both Ab-categories: the morphism sets are abelian groups and the compositions are bilinear [12, I.8, p. 28] . Let u : A(G) → A • (G) and u : B(G) → B • (G) denote the associated universal free additive categories, and the universal inclusions (see [12, VII.2, problem 6, p. 194] ).
It turns out that the Mackey functors which factor through B • (G) have an additional property, called conjugation invariance, which can be expressed in terms of their restriction to the orbit category Or(G). Recall that the objects of Or(G) are the subgroups H ⊂ G, and the morphisms Hom Or(G) (H 1 , H 2 ) are the G-maps ϕ : G/H 1 → G/H 2 . Any such G-map is uniquely determined by eH 1 → gH 2 , where g
A Mackey functor is said to be conjugation invariant if its restriction to Or(G) satisfies this condition.
We now relate this condition to the conjugation homomorphisms which will be used in the definition of B • (G). If ϕ ∈ Hom Or(G) (H 1 , H 2 ) is represented by g ∈ G, we let c g : H 1 → H 2 denote the associated conjugation homomorphism given by c g (h 1 ) = g −1 h 1 g ∈ H 2 , for all h 1 ∈ H 1 . Since the G-map ϕ only depends on the coset gH 2 , we may vary g ∼ gh 2 , for any h 2 ∈ H 2 . The associated conjugation homomorphism c gh 2 = c h 2 • c g is thus well-defined (as a homomorphism) up to conjugation by elements of H 2 . Let
denote the equivalence class of the associated conjugation homomorphism to a G-map ϕ(eH 1 ) = gH 2 . Two different morphisms ϕ 1 , ϕ 2 ∈ Hom Or(G) (H 1 , H 2 ) yield the same equivalence class c ϕ 1 = c ϕ 2 if and only if g 1 h 2 g −1
If there exists an element h 2 ∈ H 2 such that z := g 1 h 2 g −1 2 ∈ C G (H 1 ), then we see that ϕ 1 = ϕ 2 • ϕ z . Therefore, if F is conjugation invariant and c ϕ 1 = c ϕ 2 we conclude that F (ϕ 1 ) = F (ϕ 2 ). Conversely, for any subgroup H ⊂ G, and any z ∈ C G (H), the G-maps ϕ z , id : G/H → G/H have the property c ϕz = c id . Therefore the given condition implies that F (ϕ z ) = F (id) = id, and hence F is conjugation invariant.
The morphisms in A(G) are defined by the Grothendieck construction with addition operation the disjoint union of bisets. By convention, the empty biset ∅ represents the zero element. Composition comes from the balanced product:
The reader should check that this is well-defined on isomorphism classes of bisets and "bilinear" in that
with a similar formula for disjoint union on the right. The morphisms in A • (G) are matrices of morphisms in A(G).
Definition 3.3. We define a contravariant involution τ : A(G) → A(G), by the identity on objects, and on morphisms it is the map induced on the Grothendieck construction by the function which takes the finite bifree H 2 -H 1 biset H 2 X H 1 to the finite bifree H 1 -H 2 biset H 1 X H 2 which is X as a set and h 1 · x · h 2 is defined to be h
1 . The reader needs to check that isomorphic bisets are isomorphic after reversing the order, and should also check that the transpose conjugate of a disjoint union is isomorphic to the disjoint union of the conjugate transposes of the pieces. This means that τ is a functor which induces a homomorphism of Hom-sets. It is clearly an involution, not just up to natural equivalence. Since τ is a homomorphism on Hom-sets, it induces an additive contravariant involution τ
, called conjugate transpose, which commutes with the functor u :
• acts on a matrix of morphisms by applying τ to each entry, and then transposing the matrix.
Indecomposable H 2 -H 1 bisets
We will need some more detailed information about the bifree bisets used to define morphisms in A(G 
(iii) The left isotropy group of (e, e) is just (H 2 × {e}) ∩ S, and the right isotropy group of (e, e) is just ({e} × H 
and notice that this is an isomorphism. Given an indecomposable H 2 -H 1 biset X, a choice of base-point x ∈ X yields an isotropy subgroup S x ⊂ H 2 × H op 1 and a preferred biset isomorphism (4.2)
Definition 4.3 (The standard representation). Let X be an indecomposable bifree H 2 -H 1 biset, and x ∈ X a base-point. The standard representation for X at x is the data
given by the preferred biset isomorphism Ψ x {h 2 , h 1 } = h 2 xh 1 , where L x ⊂ H 2 is the image of the isotropy subgroup S x under ι 1 , K x ⊂ H 1 is the image of ι 2 , and
is the standard representation for some indecomposable bifree biset. We let X = (H 2 × H op 1 )/S, and choose x ∈ X as the coset of the identity, then L x = L, K x = K and γ X,x = γ. Remark 4.6. Here is a second description of the standard representation. We present it so as to identify the component of any point
Check that f is a homomorphism and hence γ X,x is an isomorphism.
4 above is an injection of H 2 -H 1 bisets which is then automatically onto the component of X containing x.
is a bijection of H 2 -H 1 bisets, where we take one x in each indecomposable component of X. Here are two useful properties of the standard representation for the reader to verify.
We note the effect of the involution τ : A(G) → A(G) on the standard representations.
, L x ] is the standard representation for τ (X) at x.
Next we consider a change of base-point. If y is another point in the same indecomposable component as x, then y = h 2 xh 1 for some choice of h 2 ∈ H 2 and h 1 ∈ H 1 . For g ∈ G and any subgroup
Lemma 4.8. With notation as above, the standard representation for
It will be useful later to be able to identify X/H 1 and H 2 \X.
Lemma 4.9. If X is an indecomposable, bifree H 2 -H 1 biset, then the bijection of bisets
Proof. The proof is immediate.
Composition of bisets
Fix indecomposable, bifree bisets H 2 (X 1 ) H 1 and H 3 (X 2 ) H 2 and let us analyze X 3 = X 2 × H 2 X 1 . In general X 3 will not be indecomposable, and the Mackey double coset formula enters the picture. We begin by analyzing the standard representation at a point.
for the image of x 2 × x 1 . In this notation, the H 3 -H 1 structure is the evident one:
further follows that for any
, then the proof is complete.
, where x 1 ∈ X 1 and x 2 ∈ X 2 are base points.
Proof. To simplify the notation let
The set of indecomposable components is given by
gives a set of points, one in each indecomposable component.
Next we give an explicit formula for X 3 = X 2 × H 2 X 1 as a disjoint union of indecomposable bisets. We define a map
, using the notation of Definition 4.3.
by the disjoint union of the left-hand vertical maps in the diagram
Proof. We first derive the explicit formula displayed in the top left corner of the diagram. Let [L x 2 , γ X 2 ,x 2 , K x 2 ] be the standard representation for X 2 at x 2 , and let [L x 1 , γ X 1 ,x 1 , K x 1 ] be the standard representation for X 1 at x 1 . Then the standard representation for X 2 at x 2 h 2 is given by Lemma 4.8:
. It further follows that the standard representation for
By Lemmas 4.8, 5.1 and 5.2
Since the Ψ maps are injective, it suffices to prove that the formula given for Φ h 2 makes the diagram commute. Over and then down takes {h 3 
The conclusion now follows immediately from the commutativity of the displayed diagram, since the disjoint union of the right-hand vertical maps Ψ x 3 is a bijection, and the map Ψ x 2 × Ψ x 1 is a bijection (see Definition 4.3).
Remark 5.4. The map γ X 3 ,[x 2 h 2 ,x 1 ] can be displayed as the composition on the top row of the diagram
where c g (h) = g −1 hg is conjugation.
Conjugation bisets and B(G)
We will now define a subcategory B(G) ⊂ A(G), with the same objects (the subgroups of G), but with morphisms restricted to bifree conjugation bisets. As before, we perform the Grothendieck construction on the isomorphism classes of these bisets to get an Ab-category. The universal construction u : B(G) → B • (G) then produces an additive subcategory (with involution) of A • (G).
Definition 6.1 (Conjugation bisets
The formula for the change of base-point in Lemma 4.8 shows that the definition of conjugation biset does not depend on the choice of point x used to compute γ X,x : the element giving the conjugation may change, but not the fact that it is given by some conjugation. In particular, any biset which is isomorphic to a conjugation biset is itself a conjugation biset.
By Theorem 5.3, the composition of two conjugation bisets is again a conjugation biset. In addition, by Lemma 4.7, the involution τ restricts to give an involution τ : B(G) → B(G). §6A. Induction and restriction. 
. It follows that Y is a restriction. The other equation for the inverse shows that Y is also an induction.
If H 2 X H 1 is both an induction and a restriction, it follows that the standard representation is H 2 , H 1 and some isomorphism γ X,x . By Lemma 4.7 the standard representation for τ (X) is [H 1 , γ It further follows from Theorem 5.3 that the composition of two restrictions is a restriction and the composition of two inductions is an induction. More explicitly, we have the following.
be the standard representation for the biset H 2 X 1 H 1 at x 1 and let [L x 2 , γ X 2 ,x 2 , K x 2 ] be the standard representation for the biset H 3 X 2 H 2 at x 2 .
(i) If X 1 and X 2 are both restrictions then so is X 2 × H 2 X 1 .
(ii) If X 1 and X 2 are both inductions then so is
is the standard representation for the composition using the point [x 2 , x 1 ]
Proof. This follows from Lemma 5.1 and some standard set theory.
Definition 6.6. We define three subcategories of A(G), denoted Res A (G), Ind A (G) and Iso A (G). The objects of any of these categories are all the objects of A(G). The morphisms in Res A (G) are the set of all restrictions, the morphisms in Ind A (G) are the set of all inductions and the morphisms in Iso A (G) are the isomorphisms.
Remark 6.7. Because Hom A(G) (H 1 , H 2 ) is the free abelian group on the indecomposable bifree
and indeed it is a summand. There is a similar statement for each of Ind(G) and Iso(G). Moreover, Iso(G) = Res(G) ∩ Ind(G).
Let H 2 X H 1 be an indecomposable bifree biset. After choosing a point x ∈ X, we can display X as a composition. Definition 6.8. Let [L x , γ X,x , K x ] be the standard representation for X at x. We may regard H 2 is an H 2 -L x biset, and H 1 as a K x -H 1 biset, via group multiplication in G.
(i) We define Ind x = H 2 (H 2 ) Lx , note that it is an induction and call it the standard induction for X at x. (ii) We define Res x = Kx (H 1 ) H 1 , note that it is a restriction and call it the standard restriction for X at x. (iii) There are two evident isomorphisms. Make K x into a left L x set using γ X,x , and into a right K x set via group multiplication. This makes
Note that L x and R x are isomorphic as bisets via the bijection γ X,x : L x → K x . Proposition 6.9. As H 2 -H 1 bisets, an indecomposable bifree biset X is isomorphic to the composition Ind x • L x • Res x .
(i) The standard restriction Res x is always a conjugation restriction.
(ii) The standard induction Ind x is always a conjugation induction.
(iii) The indecomposable bifree biset X is a conjugation biset if and only if L x is a conjugation isomorphism. (iv) Moreover, X is a restriction if and only if Ind x is the identity; X is an induction if and only if Res x is the identity. 
Proof. The standard representation for Ind
which sends the image of h 2 × ℓ × h 1 to h 2 ℓxh 1 can be checked to be a bijection of bisets. The remarks about X being a restriction or an induction are immediate.
Remark 6.10. Of course the choice of x ∈ X is not unique, so let y = h 2 xh 1 . Let Res y , Ind y and R y be the corresponding bisets. Define an L y -L x biset V yx to be L x with right multiplication by L x as the right action and use c h 2 : L y → L x to define the left action. Note that V yx is an isomorphism and a conjugation biset. By Lemma 4.8, we have Ind x ∼ = Ind y × Ly V yx . Similarly, we define a K y -K x biset W yx to be K x with right multiplication by K x and left multiplication defined by c h 1 :
Definition 6.11. We define three subcategories of
. These are the subcategories with the same objects as the bigger categories, but whose morphisms are all the morphisms which are conjugation bisets.
Bifunctors into B • (G)
In this section we will define the bifunctor j : D(G) → B • (G) used in the statement of Theorem A. Let D * (G) denote the category whose objects are pairs (X, b), consisting of a finite G-space X and an ordered collection b = (b 1 , · · · , b n ) of base-points, one for each G-orbit of X. The morphisms are the G-maps (not necessarily base-point preserving). There is a functor
defined by forgetting the base-points. Since every object of D(G) is isomorphic to the image µ(X, b) of an object of D * (G), and µ induces a bijection on morphism sets, it follows that µ gives an equivalence between the categories D * (G) and D(G), with inverse functor µ ′ [12, IV.4, Theorem 1, p. 91]. Moreover, the inverse functor µ ′ can be chosen so that we have the additivity formula
for any finite G-sets X and Y . This will be needed later to verify axiom (M2) for additive functors out of B • (G).
We will now define the remaining functors in the following diagram:
The functor o : Or(G) → D * (G) sends H to the 1-tuple H and a G-set map G/H → G/K to the same G-set map. In fact Or(G) as defined is isomorphic to a full subcategory of D * (G).
The functor i • is the identity on objects and sends a G-map f : G/H → G/K to the conjugation biset K K g −1 Hg where f (eH) = gK. This is well-defined, since a different choice gk, for k ∈ K, of representative yields an isomorphic biset.
Note that 1 G/H : G/H → G/H goes to H H H which is the identity. Check that if
The functor i
• is also the identity on objects, but sends a G-map f : G/H → G/K to the conjugation biset g −1 Hg K K where f (eH) = gK. Rather than check identity and composition, just note that g −1 Hg K K is isomorphic to τ K K g −1 Hg by the function which sends k to k −1 , so i • = τ • i • and hence i • is a contravariant functor. We define the functor j • on objects by additivity: every object of D * (G) has the form
where (X i , b i ) = G/H i is an object of Or(G), and we send such an object to the ordered n-tuple
is represented a finite matrix of bifree conjugation bisets, where ∅ = 0. We define j • (ϕ) = α to be the morphism in B • (G) represented by the matrix α = (α ij ), where α ij = i • (ϕ i ), if j = f (i), and α ij = 0 otherwise.
The functor j • is defined in a similar way. Notice that j • factors through the subcategory Ind B (G), and j
• factors through the subcategory Res B (G).
Definition 7.2. We define the bifunctor
The proof of Theorem A
We now state our main result, which is a more detailed version of Theorem A. 
be a pull-back diagram of finite G-sets. We first remark that a G-map u : S → S ′ between finite G-sets is determined by its restriction to the disjoint G-orbits in S. In fact, each orbit in S is mapped by u into exactly one G-orbit of S ′ . In particular, if u : S → S ′ is an isomorphism of finite G-sets, then by Proposition 6.4 the induced maps u M and u 
x x
where S ′ is the pullback of i and j, with ψ = i • c and ϕ = j • d. There is an induced isomorphism u : S → S ′ with inverse v, such that l • u = d • Ψ, and c • Φ = n • u. If we have the property (M1) for the pullback (S ′ , l, n), then the property (M1) holds for the pullback (S, Ψ, Φ). This is an easy diagram chase starting with the left-hand side of the required formula
and substituting in the expressions above for ψ and ϕ. By the additivity property (M2), this formula follows from the basic cases where S 1 , S 2 , and T are transitive G-sets. Let S 1 = G/H 1 , S 2 = G/H 2 and T = G/K, and choose elements g 1 , g 2 ∈ G such that g
Since M is conjugation invariant, we may assume that ψ(eH 1 ) = g 1 K and ϕ(eH 2 ) = g 2 K (varying the choice of g 1 , g 2 will not affect the maps induced by M).
For i = 1 and i = 2 there are G-isomorphisms
where
i H i g i , with the property that the pullback G/H
It follows (by the remarks above) that it is enough to check formula (8.3) in the special case where H 1 and H 2 are actually subgroups of K. Hence, we may assume that g 1 = g 2 = e.
We will regard H 2 K H 1 as an H 2 -H 1 biset via the natural actions H 2 ⊂ K and
has the G-action defined by g · (xH 1 , yH 2 ) = (gxH 1 , gyH 2 ), for all g ∈ G. It follows that in each G-orbit there is always a representative of the form (xH 1 , eH 2 ) with x ∈ K and (h 2 xh 1 H 1 , eH 2 ) = (xH 1 , eH 2 ) for all h 2 ∈ H 2 and all h 1 ∈ H 1 . In other words, the set of G-orbits in S is in bijection with the quotient H 2 \K/H 1 of the biset
The isotropy subgroup
where H
= xH 1 x −1 and x ∈ K as above. Therefore, we have a bijection of G-sets
In terms of biset morphisms, the composition
where the middle biset is just the conjugation G-isomorphism c x −1 :
1 . On the other hand, the composition
To establish formula (8.3), we consider the H 2 -H 1 biset bijection
from the double coset decompostion. The standard representation of the component X = H 2 x H 1 expressed in the standard form is
This follows from Remark 4.6:
and γ X,x = c x . Now by Proposition 6.9 we see that the composition
But, by inspection, the right-hand side of this formula is just the expression for Ψ M • Φ M in formula (8.4) . This proves the property (M1). Conversely, suppose that M : D(G) → Ab is a conjugation-invariant Mackey functor. We define the functor F on objects by setting F (H) = M(G/H), and extending additively. Since the bifunctor j : D(G) → B • (G) is surjective on objects, this formula defines F uniquely on objects.
The morphisms in B • (G) are finite matrices of bifree conjugation H 2 -H 1 bisets. Any such biset is a disjoint union of indecomposable conjugation bisets X, uniquely up to ordering, and after picking a base point x ∈ X we have the standard representation
of Proposition 6.9. By Definition 6.8, it follows that the morphisms in B • (G) are generated by compositions of the following three types of bifree conjugation bisets:
Recall from Remark 4.6 that
and
x h 2 g x = h 1 . The element g x need not be unique (see Remark 6.2). The isomorphism γ
gives L x the right K x -action on L x used to define the third biset.
We will define F on the basic morphisms of these three types, by associating to each of these bisets a G-map, and then applying the Mackey functor M:
• to Ind x associate the G-map Ind
Lx (eL x ) = eH 2 ; • to Res x associate the G-map Res
x L x for the various choices of g x . Now define For any morphism X in B(G) we define F (X) by choosing a base point x ∈ X, writing X = Ind x •L x • Res x , and defining
The formulas in Remark 6.10 show that the definition of F (X) is independent of the choice of base point.
The functor F is defined on all the morphisms in B • (G) by the additive (matrix) extension of these formulas. Any relation in the Grothendieck group Hom B(G) (H 1 , H 2 ) leads to a isomorphism X ∼ = Y of finite bifree H 2 -H 1 bisets. Since both sides are canonically (up to ordering) expressed as a disjoint union of (H 2 × H op 1 )-orbits, it is clear that F is well-defined.
Finally, we must check that F is a functor. Since F ( H H H ) = id, it remains to check that compositions are preserved. Suppose that X 1 ∈ Hom B(G) (H 1 , H 2 ) and X 2 ∈ Hom B(G) (H 2 , H 3 ) . By additivity, we may assume that X 1 and X 2 are indecomposable. We must check that
Consider the left-hand side of the formula, where
Pick a base point x 1 ∈ X 1 , and x 2 ∈ X 2 . By Lemma 5.2, the components of X 3 = X 2 × H 2 X 1 are indexed by elements h 2 ∈ H 2 representing the double cosets K x 2 \H 2 /L x 1 . Each such component contributes a summand F [L x 3 , γ X 3 ,x 3 , K x 3 ] , where x 3 = [x 2 h 2 , x 1 ]. By Theorem 5.3, the standard representation at this base point is (8.5) . L x 3 , γ X 3 ,x 3 , K x 3 = γ −1
The right-hand side of the formula is
By the Mackey double coset formula for M, property (M1),
biset via the two inclusions, and is a standard induction,
biset via the evident inclusion on the left and conjugation by h −1 2 on the right, and is a standard conjugation,
-(L x 1 ) biset via the two inclusions and is a standard restriction. . Then consider the commutative diagram
) which implies
• M * L 
It now follows from (8.5) that
